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1 Introduction 3 Codes

At the IEEE ISIT in Budapest in 1991 we agreed that Yuft Source code assigns to each (possible) source sequgnce
would come to Eindhoven the next year. Supported Bybinary codewora(x; ) with lengthL(x{). We want the

the Universiteitsfonds Eindhoven, whose chairman was J&@Rgths of the codewords to be as short as possible, however
van Lint at that time, Yuri visited the Information Theoryt is required that the source sequence can be reconstructed
group in May 1992. We decided to investigate univers&Pm its codeword. Here we only consider prefix codes. In
source coding algorithms for FSMX sources, like e.g. tifePrefix code no codeword is the prefix of any other code-
method proposed by Rissanen in [5]. It was our idea th4erd. Therefore a prefix code is instantaneously uniquely
these algorithms were designed to have a good asymptoﬁjggodable, i.e. when we receive the last digit of a codeword
behavior while the non-asymptotical performance, which\ know that it is the last one.

important in real life, was not very well understood. Example: Consider for source sequences of lengjth= 2 the
. . . . i tin the table below.
After a while we realized that the idea of selecting refl—SSIgnmen intheta Te eova T
evant contexts was not a good one. This prevented re- x| | o)) | LxD)
searchers to determine the non-asymptotical behavior of 82 20 ;

their methods. An obvious alternative was weighting, an 0 0 3
almost classical procedure. This way of thinking more or 0] 11

less immediately led to the context-tree weighting (CTW) 111111 3
algorithm. The lengths of the codewords of a binary prefix code sat-

The CTW algorithm follows from first principles andiS1Ly Kraft's inequality (see e.g. Cover and Thomas[1], page

combines a desirable (asymptotical as well as ndte): T

asymptotical) performance with an extremely simple anal- oot < 1)

ysis. Therefore, when Michelle Effros asked us to write x]

a “reflections”-paper for the IT Newsletter, we decided to

write a mini-course on “universal source coding for tree

sources” which at the end focusses on the CTW algorithhas 3"~ *{) descendants at level. In a prefix code no

It is the content of the following sections. two different codewords can have an identical descendant at

level L*. Therefore)",r 24"~ < 2L", O
Example: For the coée{o, 10, 110, 111} we obtain the Kraft

sum2l4224234 231,

Proof: Let L* & max s L(x{). A codewordc(x{)

2 Sources

Let us consider an information source that generaiieary 4 ~Redundancy

sequences of length. AsequencexlT = X1X2 - -+ XT IS gen-

erated with (actual) probabilitPa(x{ ) 2 PriXJ] =x/}.
Example: For a memoryless sourd&l(xlT) = It—1 7 Pa(Xn)

The individual redundancy of a source code, relative to the
actual source, for sequenxlé is defined as

with Pa(1) = 1— Pa(0) 2 6. The parametet, i.e. the probability p(x]) 2 L(x]) — log —=. )
of generating a 1, has a value in the ranggl|0 If the sequence Pa(x1)
x{ containsa zeroes and ones therPa(x] ) = (1 — 6)36°. The base of the logarithm is assumed to be 2 here. For the
expected redundancy we obtain
*Electrical Engineering De| i i i -
oay. e '?'he Netﬁerlaﬁzrstwent, Eindhoven University of Technol 5 A Z Pa(XlT)L(XlT) _ Z Pa(XlT) log ;T
TInstitute for Problems of Information Transmission, Moscow, Russia. XI XI Pa(xl )

*Electrical Engineering Department, Eindhoven University of Technol- _ T
ogy, Eindhoven, The Netherlands. = L-H (X1 ), )



i.e. the difference between the expected codeword lebgth %! | Pax]) | Qax]) | LxD) | exx]) | p(x])

and the entropyH (X{) of the source sequences. 00 | 0.64 0.00 2 00 1.356
The smallest possible expected redundancy is O. 01 | 016 0.64 4 | 1011 | 1.356
Proof: Rewrite 10 0.16 0.80 4 1101 1.356
11 0.04 0.96 6 111110 1.356
_ T Pa(X]) _
p =Y Pa(x{)log Lot T1og (4)  sinceL(x]) < log1/Pa(x]) + 2 we may conclude that
x] 277/K arithmetic coding achieves codeword lengths within 2 bit

from the ideal codeword length, @r(x{) < 2 for all x{ .
whereK = 3,1 2-L0) | The first term on the right handThis implies also thas < 2 orL < H(X]) + 2.
side is a divergence and can not be negative (see [1] pag€or the cumulative probability we can write (Elias):
26). The second term is non-negative by Kraft’s inequality
(D). D Qax{)= D PalxXe---%-10.  (7)
Note that we achievg = 0 only if the codeword length t=1,T|x=1
L(x{) = log1/Pa(x{) for all x{ . Therefore we call such
codeword length&eal. It is our intention to design codesThis makes it easy to compute this probability (fo})
that approach these ideal codeword lengths as closelyifaafter knowingxixs - - - X;_1 and Pa(X1X2 - - - X;_1) we can
possible. easily computePa (X1X2 - - - X—10) and Pa(X1X2 - - - X—11).
Example: Let T = 2. Consider the codf, 10,110 111} and  Example: For T = 3 and a memoryless source having: 0.2
a memoryless source with= 0.2. The table below lists the indi- ;¢ get e.gQa(101) = Pa(0) + Pa(100 = 0.8+0.2-0.8-0.8 =
vidual redundancies for this code. 0.928 andP4(101) = 0.2- 0.8 - 0.2 = 0.032.

XI ‘ C(XI) ‘ '-(XlT) ‘ pa(ij) ‘ P(XI) If we use, instead of the actual distributicﬁ?a(xlT), an
00 |0 1 0.64 0.356 arbitrary coding distributiorPc(xlT ), we obtain codeword
01| 10 2 0.16 | -0.644 lengths for which
10 | 110 3 0.16 0.356
11 | 111 3 0.04 | -1.644 T 1
L(x;) <log ——=- +2 (8)
The expected redundangy= 0.116. Pe(x1)
We say that theoding redundancys smaller than 2 bits.
5 Arithmetic coding Note that it is necessary th&(x;) > 0 for x{ such that
Pa(x{) > 0.

Assume a lexicographical ordering over the sequences. NoWote that arithmetic coding achieves codeword lengths

let Qa(xlT) A ST P,(xT) be the cumulative probabil-that are very close to what we want (i.e. lgtFt) and thgt
) T 1 T no tables are needed to store the code (the codeword is com-
ity of x; . Then associate to a source sequercéne SoUrce o from the source sequence and vice versa). Issues re-
interval | (x{) = [Qa(X]), Qa(X{) + Pa(x])). Note that garding implementation of this technique are considered e.g.
all source intervald (xlT) are disjoint, and that their unionpy Rissanen[4] and Pasco[3]. We now have to concentrate

is [0, 1). on constructing good coding distributions.
Also to a codeword there corresponds an interval. To

codewordc having lengthL there corresponds an interval
J(c) = [.C, .C+ 27L), where.c is the number obtained by6 One unknown parameter
considering as a binary fraction. Note that a codeword can

only pe the prefix .Of an other codeword if its code interV@uppose that our actual source is memoryless with a, to us
contains the code interval of the other codeword. _unknown, parametet € [0, 1]. Is it possible now to design
The idea of arithmetic coding is to.choose fqr & gVell code which has acceptable individual redundancies for all
source sequencg the codewora(x] ) with a code interval sequences] relative to all possible sources?
J(c(x{)) insidel (x{). This is obtained by taking The answer to this question turns out to be affirma-
T T tive. Just apply arithmetic coding with a coding distribu-
L(x) [og1/Pa(xy )1+ 1, tion equal to an estimated distributid®s(x{ ) formulated
and.c = [Qa(x)).2-*D72-L0D), (5) by Krichevsky and Trofimov[2]. This KT-distribution is de-
fined by the following conditional probability:

where[Zz] is the smallest integer z. This follows from
b+1/2

Po(Xi = 1xi™ ) = —— 72
e (Xt [X] ) atbrl

9
an(XI) . 2L(XI)'|2—L(XI) + 2—L(XI) (9)

< Q42

oa 1/P for xfl containinga zeroes and ones. Our estimated
= Q+27M9YRl < Q4 Py, (6)

block probabilityPe(xI) is the product of conditional prob-
abilities as in (9).

in which we simplified the notation a little bit.
. P . . Example: The estimated probabiliti?e(01110 = 1.1.3.3.
Example: Let T = 2 and consider again a memoryless sourc 2
_1 113,11 % 3

) ) ; 3 cimi 3
with @ = 0.2. The source intervals, codewords, and redundancigs= 75g- Similarly Qe(01110 = 5-7+5-7"§
are put in the table. % (see figure 1).



610=0.3

6oo = 0.5

Figure 1: Computation oPe(01110 andQe(01110.

The estimated block probability of a sequence containing parameters model
a zeroes andb ones is

12.....(@a=1/2)-1/2-...-(b—1/2) Figure 2: Tree source with parameters and model.

Pe(a, b) =

e(a, by 1.2....-(a+h

_ _ (10)  Example: Let s 2 {00, 10, 1} anddgy = 0.5, 610 = 0.3, and

Example: Tabulated below i$%e(a, b) for several(a, b). 6, = 0.1 then

alb 1 2 3 4 5 Pa(Xt =1 -+, Xt_2=0,X_1=0) = 05,

0 1/2 3/8 5/16 35/128 63/256

1 18 116 5/128  7/256  21/1024 Pa(Xt =1]--+. Xt2=1%-1=0 = 03

2 1/16  3/128 3/256 7/1024 9/2048 Pa(Xt =1]---, Xt_1=1) = 01 (13)

3 5/128 3/256 5/1024 5/2048 45/32768

For each source symbgj we start in the root of the tree (see figure
What is the redundancy of this KT-estimated distributior#} and follow a path determined by past symbelsy, X _2, - - -.
Consider a sequeneg with a zeroes anth ones, then from we always end up in a leaf. There we find the parameter for gen-

(8) we may conclude that eratingxt.
L(x{) < log 1/Pe(a, b) + 2. (11)
8 Known model, unknown parame-
Therefore t
p(X1) < Iog;+2—log 1 oS
! Pe(a, b) (1—6)36P In this section we assume that we know the tree model of
(1—6)apPb the actual source but not its parameters. Can we find a good
log P@b coding distribution for this case?
1 In principle this problem is quite simple. Since we know
= 3 log(a + b) + 3, (12) the model we can for each source symbol determine its suf-

fix. All symbols that correspond to the same suffixx S
where we used lemma 1 of [7] to upper bound thgrm a memoryless subsequence whose statistic is deter-
log Pa/Pe-term.  This term, called th@arameter redun- mined by an unknown paramety. For this subsequence
dancy is never larger thar log(a + b) + 1. Hence the we simply use the KT-estimator. The estimated probabil-
individual redundancy is not larger th%ﬂogT + 3 for all ity of the entire source sequence is the product of the KT-

x{ and alld € [0, 1]. estimates for the subsequences and hence by (8), we obtain
Example: Let T = 1024, then the codeword length is not larger T
than the ideal codeword length plgdog 1024+ 3 = 8 bit. L(x;) <logl/ l—[ Pe(as, bs) + 2. 14)
seS

7 Tree sources Example: Let S = {00,10,1}. The estimated probability

If a source is memoryless, each new source symbolisgen- ... 1 1 o0lo 1 o 0o 1 1 0
erated according to the same paraméten a more com-

plex situation we can assume that the parameter for gener- - 00

ating the next symbol depends on the most recent source past 0 1 0 11—

symbols. A tree source is a nice concept to describe such

sources. A tree source consists of a Sedf suffixes that

together form a tree (see figure 2). To each suffix (Ieaf) Figure 3: A sequence, its subsequences, and the past.
the tree there corresponds a parame@fer he probability of

the next source symbol being one depends on the suffix ief the sequence 0100110 given the pastl10 (see figure 3) is
of the semi-infinite sequence of past source symbols. P$(0100110---110) = 3- % ‘ % -%-%%% = %%'Tles = ﬁ,

We clearly want to distinguish between parameters awdere%, g, andl—l6 are the probabilities of the subsequences 11,
model. The model is the mechanism that enables the para@m-and 010, corresponding to the leaves 00, 10, and 1 respectively.
eters, i.e. the suffix set (or tree). Again, what is the redundancy of this estimated distri-

A context of a source symbaot is a suffix of the semi- bution? Consider a sequenx% with subsequence corre-
infinite sequence- - x;_»x;_1 that precedes it. sponding to lea$ havingas zeroes anths ones. Then, using



(14) we obtain correspond to contextsup to a certain deptb. The root
of the context tree corresponds to the empty context. Each

T (1 — 0s)%65° nodes in the context tree is associated with the subsequence
pXy) < ZIO — 42,
= Pe(as, bs) of source symbols that occurred after context
1 Example: Suppose that the source generated the sequence
< > <§Iog(as+bs)+1)+2
seS|ag+bs>0
T
< ISIV(E)+2, (15)

where we again used lemma 1 in [7] for bounding the pa-
rameter redundancies for all the subsequences. Convexity is
used to obtain a bound on the sum of the logarithms in terms
of they function which is defined as 30 1,234,567

1
Z for0<z<1

flogz+1 forz> 1. (16)

A
(@) = {
Note that (15) holds for able and allés € [0, 1] fors € S.
Example: Let S = {00,10,1} and T = 1024, then the
codeword is never longer than the ideal codeword length plus
3log 1924 4 3+ 2 = 17.623 bit.

2,5

1234567
- 1100100110
past source sequence

9 Weighting alternatives _ ,
Figure 4: The context tree splits up the source sequence.

Suppose thachl(xlT) is a good coding distribution for

source 1 andPZ(XT) for source 2. Then theeighteddistri- 0100110 while the past symbols were 110. Then the source
bution ¢ symbols are partitioned by the context tree, see figure 4.

PE(x]) + P2(x])
2

is a good coding distribution for both source 1 and 2.
Proof: Leti € {1, 2}, then

PY(x{) & (17)

10.2 CTW algorithm
We are now ready to formulate the context-tree weighting
algorithm.
We start by making the practical assumption that in rode
of the context tree we only stoeg andbs, i.e. the number of
> 1 zeroes and ones in the subsequence associated with context
< log——=+2= Iogﬁ +3.(19) s
Pe(Xy) Pe(X) First we consider a leaf of the context tree, i.e. a node
o (context) at depttD. Since onlyas andbs are available in
So the bound on the codeword length increases (see (8)jfH§ node, we can assume nothing more than that the sub-
1 bit. In practice the increase is far less, especialBgifx; ) Sequence associated with noslés memoryless and that
and pcz(xlT) are approximately equal. Pe(as, bs) is a good weighted probability for it, i.e.
Note that, if after observinglT we selectthei that mini-
mizesPé (XI), we loose exactly 1 bit. This bitis now needed

to specify the source index. . These weighted probabilities are needed to start the recur-
Example: Suppose sources 1 and 2 are memoryless with R85n described in the next paragraph
rametersf; = 0.8 andd, = 0.4. ThenP,(X; = 1) = '

1/2(0.8 + 04) = 06, Py(Xy = 1, Xy, = 1) = 1/2(0.8 - 1s
08+ 04-04) = 040, andPy(X; = 1, X, = 1, X3 = .
1) = 1/2(0.8-08-08+ 04-04-04 = 0.288. Hence
Pu(X3 = 1|X1 = 1, Xo = 1) = 0.288/0.4 = 0.72 which is
close tof;. Similarly, P, (X3 = 1|X1 = 0, Xo = 0) = 0.44 is
close tod.

L(x{) < log (18)

— 42
P (x])

PS £ Pq(as, bs) if depth) = D. (20)

Os
Figure 5: Parent nodeand its children 8and k.

10 Unknown model _ _ _
For an internal nods in the context tree the following
argument holds. Suppose that we have good weighted prob-
101 Contexttree abilities P95 and P for the subsequences associated with
If the actual model of our tree source is not known, we cawdes 8 and Ik, the children (see figure 5) af Then for
use acontext treeto compute an appropriate coding distrithe subsequence associated with corgeixere are two pos-
bution. A context tree (see figure 4) consists of nodes tisittle alternatives. It could be memoryless, in which case



Pe(as, bs) would be good coding probability for it. Or, itmodel, hence

could not be memoryless, and then splitting up the sequence N LS

in the two subsequences that are associated wgitnd I P; > 217451 T Pe(as. bs). (24)

would be necessary, and the product of the weighted proba- seS

bilities P9 and P could serve as a good coding probabil- . .

ity. Following the philosophy in section 9 it is completel)psmg (8) we find that

clear that we should just weight these two alternatives:
Justwelg L) <28~ 1+logl/ [] Pe@s.bs) +2,  (25)

P pOs . pls seS

s o Pe@ b TP P oning b 1) _ _

2 which is 25| — 1 bits more than the bound in (14), where
dthe model was known. Therefore also the bound on the in-
'?'p/idual redundancy is|&| — 1 bits larger than the bound in

15), i.e.:

In the rooti of the context tree we will now find weighte
probabilities which can be used as coding probabilities
arithmetic encoding and decoding.

Example: Again suppose that the source generated the se- T
p(X{) <2|S| -1+ ISI)/(EH—Z. (26)
The increase of 8| — 1 bits can be considered as the cost
of not knowing the model, i.e. th@odel redundancyNote
that (26) holds for aIkI and allés € [0, 1] for s € S for alll
modelsS that fit in our context tree.

a—4b—3 10.4 Optimality
Py = 7/2048
The expected redundancy behavior of the CTW method

achieves the asymptotic lower bound determined by Rissa-
nen in [6]. This lower bound states that rouglily2) log T

bits per parameter is the minimum possible expected redun-
dancy forT — oo.

10.5 MDL behavior

Figure 6: Weighted context tree for source sequen®e far we have only compared the CTW codeword length re-
0100110 with past- - 110. sulting from our source sequenx% to the ideal codeword
length relative to the actual source. We have shown that this
quence 0100110 while the past symbols werel 10. This results codeword length is upper bounded by the ideal codeword
in the countsas andbs, and weighted probabilitieBS, for swith 1€ngth plus an upper bound for the individual redundancy in
depth< D, which are depicted in the context tree in figure 6. t€rms of the sequence lengthand the number of parame-
ters|S| of the actual source.
) If however thisxlT was generated by some other tree
10.3 Analysis source the same bound on the codeword length applies but
We start this subsection by taking a look at an example. NOW With the ideal codelength and redundancy as deter-
Example: Suppose tha = {00, 10, 1} is the model of the mined by the other source. Hence upper bounds like this,
actual source. The depf of our context tree is 3. Then for thefor all tree sources, hold .fo'r t.he CTW codeword length
leaves of this model we can lower bound the weighted probabilit@gd the CTW algorithm minimizes, over all tree sources,

PS by the Pe(as, bs)-terms, i.e. the sum of the corresponding ideal codeword length and re-
dundancy. This can be considered as minimum description
P > (1/2)Pe(ago. boo). length (MDL) behavior, if we realize that the redundancy is
PO > (1/2)Pe(ag. b1o). needed to describe the source model and parameters.
Po = (1/2)Pe(ag, by), (22)

10.6 Complexity

while for the internal nodes we use tR) . P1S-term as lower
bound, hence In section 5 we have seen that we can use arithmetic cod-
ing if, afterxyxz - - - X¢—1 is processed anB;(X1Xz - - - Xt—1)

0 00 p10 X i
Pu = /2P, Py is known, it is easy to comput®:(xi1xz---x_10) and

> (1/8)Pe(ago, boo) Pe(ao. b10) and Po(X1X2 - - - X—11). Does this hold for the CTW algorithm?
P: > (1/2 P,Sj Pl Fortunately it does! See the example below.

> (1/32)Pe(agg, boo) Pe(a1g, b1o) Pe(ag, by). (23) Example: Suppose that the source has already generated the se-

guence 0100110 while the past symbols werd 10. This resulted
in the weighted context tree in figure 6. In the root of the con-
From the example we may conclude that we loose a factett tree we found the coding probabiliBs(0100110Q- - - 110) =
1/2in all |S| leaves andS| — 1 internal nodes of the actualP}, = 7/2048. For processing the next source symbol we must



Our final problem deals with model redundancy. Note
that context treg for somej = 1,7, "fits” a model to the
data (digits occurring at positiof) which is a binary tree.
Such a tree can have leaves also at positions inside an ASCI|
symbol. This seems not very useful. By allowing leaves

a=2 only at ASCII borders we decrease the model redundancy.
w =38 This is accomplished bweighting only at ASCII bordeys
i.e. takingPS = P% . P1S in nodes inside an ASCII and
- ij/% PS = (PZ(as, bs)+ P%-P1%) /2 in nodes on ASCII borders.

ASCIlI CTW for M = 12 achieves 1.825 bit/sym on
the file bib , 2.180 bit/sym orbookl , 1.875 bit/sym on
book2 , 2.346 bit/sym omews, 2.290 bit/sym ompaperl ,
2.232 bit/sym orpaper2 , and 2.336 bit/sym oprogc of
Figure 7: Updated path of the weighted context tree ftire Calgary corpus.

0100110 followed by a 0 with past- 110.

12 Conclusion
compute the coding probabilitif: (01001100 - - 110). This done

by (i) incrementinggs, (ii) updating Pe(as, bs), and (iii) updating We believe that context-tree weighting simplified the theory
P>, for all contextss € {110 10,0, A}, i.e. along the path in the and practice of statistical data compression methods. It is
context tree determined by the symbols preceding the next sourpgortant to distinguish between model and parameters and
symbol. The results of these computations are shown in figuret@.realize that to both of them there corresponds a redun-
Doing so we findP;(01001100--- 110 = P} in the root of the dancy term. Good algorithms take care of both redundan-
context tree. In a similar waf;(01001101- - - 110) can be deter- cies. The model redundancy of CTW is optimal in the rather
mined. weak sense that we can decrease the redundancy for some

We conclude by stating that the number of operations negedels only by increasing the redundancy of other models.
essary for processing all source symbols is linear ili. This is a consequence of weighting. There are other weight-
Moreover, since we only need to store nodes in the contings that result in other model redundancy profiles, however
tree that actually did occur, and since for each symbol V@@ W has the nice property that the model redundancy is (al-
can visit not more thal + 1 nodes, the amount of memorymost) proportional to the number of parameters.
needed to compresq grows not faster than linear ih. The CTW method is generally considered to be rather

complex. A state-of-the-art implementation requires 32
. MByte of RAM. Today this may seem a lot, however for

11 Text compression sure, in ten years from now this is “peanuts.” A challenging

o . . roblem is to find methods that improve the compression
Application of the blnary (?TW method for compression [Eate of e.g. CTW by making use of the huge amounts of
ASCII sequences 15 pos_su_ble afzcomposinghe ASCII memory that will be available in the future. Of particular
symbols into 7 binary digits. Moreover we use 7 conteho ast are of course methods that allow parallel implemen-

trees. Treg, wherej = 1,7, is used for coding all binarytation. We hope that the mini-course presented here will be

digits occurrir)g at positiorj_ iq an ASCII. The (longest) a starting point for people interested in achieving this goal.
context of digitj are the digitsj — 1, - - -, 1 of the current

ASCII preceded by the 7 digits in the most recent ASCII,
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